
Minimal Model Program

Learning Seminar .

Week 16 :

• Asymptotic multiplier ideals .



Multiplier ideals :
7 parameter.
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The multiplier ideal TCX , c-D) C- Ox measures the

supported on the " moot
sing

loci
"

of the pair .
smooth ☒

• (X ,cD ) log smooth and coeff Cootes , then JCX.co ) -_ Ox .

• ✗ = Aix
, ,
C- Jixcxy) .

TCX , D) = <Xy>. 1-
or

• ✗ = Alky , C- diversity's )
, TCX ,

c-D) = ②✗ for c< ¥ .

TCX , F. D) = IX.y>.

Philosophy : µ:X
'
→ ✗ logres-tronoj-CX.tl .

µ* thx + ☐ I = Kx ' +☐
'

→ my not be effective .

I
'

coetfpcoyg.ae/-fD'
erF =# prime on D

'
< I

coeffpco's >-0
sing 2kg008 .

Then TCX ,D) = 14*0×1 C- F) .

i. e. , TCXID) is the ideal measuring the failure of (✗ iD)
.

from being log canonical
.



Multiplier ideals :

Theorem ( Nadel vanishing ) : Let ✗ be a smooth proj variety
0>-0 Oh - divisor on X

.
L Cartier divisor on ✗ such that

L - CD is big & nef , c > o
.

Then , Hi IX. ②✗ Ckx + 2) ☒ TGD ) ) - o.

Theorem ( Restriction ) : ✗ smooth namely ,
Deo On- divine

,

HEX smooth hypersurface not contained in rpp CDI . Then

there is an inclusion :

TCH , DH) C- TCXID) - OH .

Theorem (Skoda's Theorem ) : X smooth variety of dimension n
,

oc C- Ox ideal sheaf on X . If can ,
then

Icac ) = a. Icac - s ).

In particular , if m > n , then T.com ) I am
- n"

.



Asymptotic multiplier ideals :

L linear system on X .

As
. . .

.

.
Are ILI general tr > c.

D= It is

TCX , c. 2) = JCX , c. D)
.

☐ c- ILMI for every possible me so .

TCX , E)

Notation : NCL ) = NCX.LI = { Mao / Hill , ✗ Cmh ) / to } .

CCL ) is the exponent of this monoid . (g. c.J of elements in 111cL ) ).

L urns ECLIL i assume ecl ) =L .

Mao ,
H° (X

,
②✗ Cmh)) to .



I.ñ=.

Lemma : ✗ a smooth variety over 1k
.

L a tremor on X . Then , for any
K > 1

.
we have

T( =p . Ipa ) C- TCF - 1pm Ll )
= -

-
less singular .

Proof : Assume 1pct -1-01 . µ :X
'
- X log resolution

Fp ppl

of lpll and IPKLI ./
movable

µ* ( IPV ) = / Wp , + pp
- fixed . ¥=⇒wp
☒

Aid

µ*(IpkL 1) = lwpn.lt Fpr .

We have a natural map Wp → Wpr

whose
image

i , a free linear subsystem of µ
- ctpnll ).

2nd its fixed divisor is K Fp . Hence .

kFp=Fp#T



Ktp = Fpr .

J( ftp.LI/--/U*OxiChxyx--c-pFp ] )

⇐ µ☒ Ox. ( Knx - [ p÷ Fp. ] )

= T ( ¥ . lpkll ) .

☐
.

I / § 1pct ) c- JC :-p 12pct ) C- - . .

By ACC of ideals there is a maximal element .

I ( § Ipa ) = J( § Ign )

N n

J( peg lpgll )

If p is large & tinisibk enough T( F. Ipll ) is

2 Unique
maximal ideal of the set .



If p is large & tinisibk enough T( F. Ipll ) is

2 Unique
maximal ideal of the set .

{ ICE - Iru ) / boo } .

Definition : ✗ smooth projective , L is a tinisor with

non - negative Ibarra timcnnnr Then
,
we define

Tlc -11111 ) = TIX ,
c- 1141 ) c- Ox

is defined to be the unique maximal member among

the family of ideals

{ T ( =p - 1pct ) } .

L is a jg tinioor .

Example : RCX.LI = ④ Hill , ✗ Cmh ) ) . fg .

mzo

There exiofo s > s so that for msao all sections

of H°CX
, ✗

Cmt )) can be written as I
- C of products

of sections of H° (X, ②✗ (KL)) for 1£ KES.



Example: L semisimple → L is a jg Jieiror

Remark : Assume L is Jj . Then for some no ,

we have

TCX ,
c- IrrLII = TCX

,
c- Hrw LH )

for every
cso

.

Remark : Even if the sections of
'

1m11 do not

stabilize , then the singularities of those sections will sfibrhye .

Example: If D semisimple , then TCIIMDII ) - Ox .

Them ( elementary properties ) : L integral with non - negative
Iifaña dimension

, Cao fixed .

it J ( c. 11m41 ) = Tlmc - 1141 )

iis Tcc - 11mL 11 ) 2 Icc - 11cm-3111 )

in bm = b ( 1mL 1) C- Ox , than bm.TL#H)EJC11cmteiLn1
.

in bm C- TCHMLH) for all in > in
✓



iii, bm = BCIMLIJE Ox , than bm.T.CI/lL11)EJC11cmteiLM
.

--

Proof of iiil : 1m11 -1-01 , psso and µ :X
'

→ ✗

common resolution of

lplll , 1m11 , 1pm LI . lpcm + e) Ll .

} fixed parts

Fpe , Fm
. Fpm , Fpcniiei .

<

There are the following inequalities :

p.fm + Fpl > Fpmt Fpl -3 Fpcmt"'

gorp >→ ang-_-
Jieirrblennayh

Consequently , - Fm - [ § Fep ] £ - [ f. Fpcmteif . )
bm ' Jtlllll ) = µ*O×il- Fm ) '

µ* ☒ lkxyx - Ep Fep ] )

- µ * Chicken - Fm - ftp.Fep7 )

C- µ* 0×1 ( Kxtx - [ F. Fpcmtei] )
= Tcllcmte) LH )

☐
-



G- rated system of ideals :

Q• = { am } msso ,
so that air E Ox .

Qo = ② ✗ , om -

ore C- Ocmae for all mslzo .

Lemma: a. is a grated system of ideals on X .

Then

I / § - op I c- TCF, -

apr )
.

for all integers pits =L

Definition: If c- a.) = unique maximal
element of

{ 718 - op) } .

Theorem ( Formal properties ) : OC. = {omit - on X ,

and fix Cao . Then , we have the following
it Tccm . a.) = TC § . 0pm ) for p bye & dribble

.

in TCC - a.) 2 Icd -a.) for dzc .

iris am . Ice! ) C- ICO.•m+ ' )
.

in for every man , am I ICQ.hn)



Properties of asymptotic multiplier ideals :

TEX
,
a. graded system of ideals on ✗

door = a. - Ot grated system of ideals

on Y by restriction
.

Theorem : Let Y EX smooth subvariety .

a. a graded system of ideals on X .

Then

YCY
,
c. Room ) C- TCX ,

c. a. IT
.

for every real c > o
.

Proof : Fix ps> o computing both aoymp molt ideals
.

ICT
,
c- •• •e) = ICY

, =p . apt )

£ TCX , § . ap ,
#

restoration gym

of multiplier
ideals

= TCX , c-a.) T.

☐
.



Theorem (
generic

restriction ) : if :X→ T surjective smooth

map between smooth varieties
.

a. = {aw ) system of ideals on X
.

•• it the system of ideals on Xt .

⑥ ⇐T countable union of closed
proper subsets , such that if
-

1- c- T- B
,
then

for every
Ceo

.

"
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Proof : There exists Bp ET such that

JCX ,
d. ap It = If Xt , d- apt )

for all 1- c- T- Bp and all too
.

B = Up >☐ Bp .

and fix czo
.

There exrobs
p >so Cdepenty on c) such that

TCX.ca. ) - JCX , § -ap )

If 1- c-T- B , by construction

JCX
, § -ap ) = J (Xt , c- a. it ) . so

I

JCX ,
c-a.) t = JCXT , § - ap.tl E TCXT ,

c.a. A)

t
mix element .

The inclusion 2 is provided by restriction Theorem

☐ .



Theorem ( Madd vanishing 1 : X smooth projective variety .
L an integral theirs on X . Cqf non - neg

Iitanra dimension ) .

A ☒ & by integral timer on X .
Then

Hi IX. Ox Ckx +mL + A) ☒ TCIIMLIIJJ ⇒

for all iso .

can be topped .

Theorem CKottai ) : ✗ smooth projectivewith.kxnef@8big.Yf- ✗ finite étsle

Then Pmlt ) = J . Pm (X ) .

11 11

holt , 0, Cm Ke ) ) HTX , Oxlmhrx ))
.



Proof : HEX , Ox Cmkx ))

11

Hi CX , ②✗ Cmkx ) ☒ Tctlmhxn ))

11

Ho CX
,
②✗ Cmkx ) • ICH Crn - a) Ax 11 ) )

.

By Nate uamnhy
↳ has vamoby higher Hi 's .

Hi CX
,
②✗ Cmkx ) • ICH Crn - a) Kx 11 ) )

.

- o

for i > 0 .

hi CX , Oxcmkx ) ) = ✗ ( ✗É☒Jm€ ) )
ft .

hi CY co -clmkx )) = ✗ Éwb☒Tm J)

since f is e-tale .

Oy Cm be ) ☒ J ( 11 an - a) Ke N ) = f-* (②✗ Cmtsx ) • Tatom - e) Kay

✗ IT ,
O ) = J ✗ CX , 03
"

h° CY
,
Chaim ke )) = t hi CX , Oxcm Kx )) .

☐ .


